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FAITHFUL ACTIONS OF LOCALLY COMPACT QUANTUM
GROUPS ON CLASSICAL SPACES
DEBASHISH GOSWAMI AND SUTANU ROY
Abstract. It is well-known that no non-Kac compact quantum group can
faithfully act on C(X) for a classical, compact Hausdorff space X. However,
in this article we show that this is no longer true if we go to non-compact spaces
and non-compact quantum groups, by exhibiting a large class of examples of
locally compact quantum groups coming from bicrossed product construction,
including non-Kac ones, which can faithfully and ergodically act on classical
(non-compact) spaces. However, none of these actions can be isometric in the
sense of [5], leading to the conjecture that the result obtained by Goswami and
Joardar in [6] about non-existence of genuine quantum isometry of classical
compact connected Riemannian manifolds may hold in the non-compact case
as well.
1. Introduction
Symmetry plays a crucial role in many areas of mathematics and physics. Con-
ventionally, group actions are used to model symmetries and with the advent of
more general mathematical structures called quantum groups in [3,9,17]. It should
be natural to consider the actions (defined in a suitable sense depending on the
algebraic or analytic framework chosen) of quantum groups on classical and non-
commutative spaces. In this context, a very interesting programme is to study
quantum symmetries of classical spaces. One may hope that there are many more
quantum symmetries of a given classical space than classical group symmetries
which will help one understand the space better. Indeed, it has been a remarkable
discovery of S. Wang that for n ≥ 4, a finite set of cardinality n has an infinite di-
mensional compact quantum group (‘quantum permutation group’) of symmetries.
For the relevance of quantum group symmetries in a wider and more geometric
context, we refer the reader to the discussion on ‘hidden symmetry in algebraic
geometry’ in [12, Chapter 13] where Manin made a remark about possible genuine
Hopf algebra symmetries of classical smooth algebraic varieties.
Recently, several examples of faithful continuous action by genuine (i.e. not of
the form C(G) for a compact group G) compact quantum groups on C(X) for a
connected compact space X were constructed by H. Huang [7]. In [4] an example
of a faithful action by the finite dimensional genuine compact quantum group on
the algebra of regular function of a non-smooth variety was given. However, it
turns out rather formidable to construct such actions when the space is smooth
(and connected) and the action is also smooth in some natural sense. In [6], it is
conjectured that no smooth faithful action of genuine compact quantum group on a
compact connected smooth manifold can exist. The conjecture has been proved in
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that paper in two important cases: (i) when the action is isometric and (ii) when the
compact quantum group is finite dimensional. We also mention the work of Etingof
and Walton [4] which gives a similar no go result in the algebraic framework.
It is, however, expected that genuine non-compact quantum groups may have
faithful smooth actions on smooth connected manifolds. Indeed, there are examples
of such actions in the algebraic set-up (see [6, Example 14.2]). This motivates one to
construct examples of faithful C∗-actions of non-compact locally compact quantum
groups on C0(X) where X is a smooth connected manifold. It is also desirable to
see if the actions are smooth in any suitable sense. We give a method to construct
such actions using the theory of bicrossed products due to Baaj, Skandalis and
Vaes [1] and Vaes and Vainermann [15]. There is one remarkable observation:
there are several non-Kac quantum groups with faithful C∗-actions (even ergodic)
on C0(X). This could not be possible in the realm of compact quantum groups, as
any compact quantum group acting faithfully on a commutative C∗- algebra must
be of Kac type (see [8]). Thus, there seems to be more freedom for getting quantum
symmetries on classical spaces in the realm of locally compact quantum groups than
the compact ones. On the other hand, it should be noted that if we are interested
in actions which are isometric in a natural sense (as in [5]). We cannot possibly
get any genuine locally compact quantum group actions on classical (connected)
Riemannian manifolds. Indeed, such a no-go result is obtained within the class of
locally compact quantum groups considered by us in this paper (see Theorem 4.7).
The plan of the paper is as follows. We gather some basic definitions and facts
about locally compact quantum groups and their actions in the von Neumann
as well as C∗-algebraic set-up in Subsection 2.1, followed by a brief account of
the bicrossed product construction of locally compact groups in Subsection 2.2.
In Section 3, we specialise to the locally compact quantum groups arising from
bicrossed product construction of two groups say G1, G2 forming a matched pair,
with G1 being an abelian Lie group. We describe a natural action of this bicrossed
product quantum group on C0(Ĝ1) and verify that it satisfies Podleś-type density
conditions. Section 4 is devoted to investigate necessary and sufficient conditions
for this action to be faithful or isometric. Using this, we observe that that there is
a large class of genuine locally compact quantum groups having faithful actions on
commutative C∗-algebra of C0-functions on a locally compact manifold in Section 5.
However, it is shown in Subsection 4.2 that no such genuine quantum group actions
can be isometric.
2. Preliminaries
All Hilbert spaces and C∗-algebras are assumed to be separable.
For two norm-closed subsets X and Y of a C∗-algebra, let
X · Y := {xy : x ∈ X, y ∈ Y }CLS,
where CLS stands for the closed linear span.
For a C∗-algebra A, let M(A) be its multiplier algebra and U(A) be the group
of unitary multipliers of A. The unit of M(A) is denoted by 1A. Next recall some
standard facts about multipliers and morphisms of C∗-algebras from [13, Appendix
A]. Let A and B be C∗-algebras. A ∗-homomorphism ϕ : A → M(B) is called
nondegenerate if ϕ(A) · B = B. Each nondegenerate ∗-homomorphism ϕ : A →
M(B) extends uniquely to a unital ∗-homomorphism ϕ˜ from M(A) to M(B). Let
C∗alg be the category of C∗-algebras with nondegenerate ∗-homomorphisms A →
M(B) as morphisms A → B; let Mor(A,B) denote this set of morphisms. We use
the same symbol for an element of Mor(A,B) and its unique extension fromM(A)
to M(B).
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A representation of a C∗-algebra A on a Hilbert space H is a nondegenerate
∗-homomorphism π : A → B(H). Since B(H) = M(K(H)), the nondegeneracy
conditions π(A) · K(H) = K(H) is equivalent to begin π(A)(H) is norm dense
in H, and hence this is same as having a morphism from A to K(H). The identity
representation of K(H) on H is denoted by idH. The group of unitary operators on
a Hilbert space H is denoted by U(H). The identity element in U(H) is denoted
by 1H.
We use⊗ both for the tensor product of Hilbert spaces, minimal tensor product of
C∗-algebras, and von Neumann algebras which is well understood from the context.
We write Σ for the tensor flip H ⊗ K → K ⊗ H, x ⊗ y 7→ y ⊗ x, for two Hilbert
spaces H and K. We write σ for the tensor flip isomorphism A ⊗ B → B ⊗ A for
two C∗-algebras or von Neumann algebras A and B.
Let A1, A2, A3 be C
∗-algebras. For any t ∈ M(A1 ⊗ A2) we denote the leg
numberings on the level of C∗-algebras as t12 := t⊗1A3 ∈ M(A1⊗A2⊗A3), t23 :=
1A3 ⊗ t12 ∈ M(A3 ⊗ A1 ⊗A2) and t13 := σ12(t23) = σ23(t12) ∈ M(A1 ⊗ A3 ⊗ A2).
In particular, let Ai = B(Hi) for some Hilbert spaces Hi, where i = 1, 2, 3. Then
for any t ∈ B(H1 ⊗ H2) the leg numberings are obtained by replacing σ with the
conjugation by Σ operator.
2.1. Locally compact quantum groups and their actions. For a general the-
ory of C∗-algebraic locally compact quantum groups we refer [11, 13].
A C∗-bialgebra (A,∆A) is a C
∗-algebraA and a comultiplication ∆A ∈ Mor(A,A⊗
A) that is coassociative: (idA ⊗∆A) ◦∆A = (∆A ⊗ idA) ◦∆A. Moreover, (A,∆A)
is bisimplifiable C∗-bialgebra if ∆A satisfies the cancellation property
∆A(A) · (1A ⊗A) = ∆A(A) · (A⊗ 1A) = A⊗A. (2.1)
Let ϕ be a faithful (approximate) KMS weight on A (see [10, Section 1]). The set
of all positive ϕ-integrable and ϕ-square integrable elements are defined byM+ϕ :=
{a ∈ A+ | ϕ(a) <∞} and Nϕ := {a ∈ A | ϕ(a∗a) <∞}, respectively. Moreover, ϕ
is called
(1) left invariant if ω((idA ⊗ ϕ)∆A(a)) = ω(1)ϕ(a) for all ω ∈ A+∗ , a ∈ M
+
ϕ ;
(2) right invariant if ω((ϕ⊗ idA)∆A(a)) = ω(1)ϕ(a) for all ω ∈ A+∗ , a ∈ M
+
ϕ .
Definition 2.2 ([10, Definition 4.1]). A locally compact quantum group (quantum
groups from now onwards) is a bisimplifiable C∗-bialgebra G = (A,∆A) with left
and right invariant approximate KMS weights ϕ and ψ, respectively.
By [10, Theorem 7.14 & 7.15], invariant weights ϕ and ψ are unique up to a positive
scalar factor; hence they are called the left and right Haar weights for G. Moreover,
there is a unique (up to isomorphism) Pontrjagin dual Ĝ = (Aˆ, ∆ˆA) of G, which is
again a quantum group.
Next we consider the GNS triple (L2(G), π,Λ) for ϕ. There is an element W ∈
U(L2(G)⊗ L2(G)) satisfying the pentagon equation:
W23W12 =W12W13W23 in U(L
2(G)⊗ L2(G)⊗ L2(G)). (2.3)
W is called multiplicative unitary. Furthermore, [10, Proposition 6.10] shows that
W is manageable (in the sense of [18, Definition 1.2]). Also W generates G (or G
is generated by W) in the following sense:
(1) the dual multiplicative unitary Ŵ := ΣW∗Σ ∈ U(L2(G) ⊗ L2(G)) is also
manageable.
(2) the slices of W defined by
Aˆ := {(ω ⊗ idL2(G))W : ω ∈ B(L
2(G))∗}
CLS, (2.4)
A := {(idL2(G) ⊗ ω)W : ω ∈ B(L
2(G))∗}
CLS, (2.5)
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are nondegenerate C∗-subalgebras of B(L2(G)).
(3) W ∈ U(A ⊗ Aˆ) ⊆ U(L2(G)⊗ L2(G)).
(4) the comultiplication maps ∆A and ∆ˆA are defined by
∆A(a) :=W
∗(1 ⊗ a)W, ∆ˆA(aˆ) := σ
(
W(aˆ⊗ 1)W∗
)
, (2.6)
for all a ∈ A, aˆ ∈ Aˆ.
A general theory of locally compact quantum groups in the von-Neumann alge-
braic framework has been developed by Kustermans and Vaes in [11]. Moreover,
there is a nice interplay between C∗-algebraic and von-Neumann algebraic locally
compact quantum groups in general via multiplicative unitaries. We briefly recall
this in the group case.
Let G be a locally compact group and µ be its left Haar measure. Define, W ∈
U(L2(G×G,µ×µ) byWξ(x, y) = ξ(x, x−1y) for all ξ ∈ L2(G×G,µ×µ), x, y ∈ G.
A simple computation shows that W is a multiplicative unitary. Furthermore,
A = C0(G) = {(idL2(G,µ) ⊗ ω)W : ω ∈ B(L
2(G))∗}
CLS,
M = L∞(G) = {(idL2(G) ⊗ ω)W : ω ∈ B(L
2(G))∗}
weak closure.
Using (2.6) we get ∆M : L
∞(G)→ L∞(G×G) by ∆M (f)(x, y) = f(xy) for all f ∈
L∞(G). The pair (M,∆M ) is a von-Neumann bialgebra. The left Haar weight
ϕ on L∞(G) is given by the integration with respect to the left Haar measure µ
on G: ϕ(f) :=
∫
f(h)dµ(h) for f ∈ L∞(G2)+. Similarly, the right Haar weight ψ
on (M,∆M ) is obtained from the to the right Haar measure on G. The pair G =
(M,∆M ) is the von Neumann algebraic locally compact quantum group associated
to G.
Similarly, ∆A : C0(G) → Cb(G × G) is obtained by restricting ∆M on C0(G).
The restriction of left and right Haar weight of (M,∆M ) on C0(G) defines the left
and Haar weight on (A,∆A), respectively. Thus (A,∆A) is the C
∗-algebraic version
of G.
Let Aˆ = C∗r (G) and Mˆ = L(G). Let λ be the left regular representation of G
on L2(G,µ). Define, ∆ˆM : L(G)→ L(G×G) by ∆ˆ(λg) = λg⊗λg and ∆ˆA : C∗r (G)→
M(C∗r (G×G)) as the restriction of ∆ˆM . The left and right invariant invariant Haar
weights on Mˆ is given by ϕˆ(λ(f)) = f(1G) for all f ∈ Cc(G) such that λ(f) ∈ L(G)+.
Then Ĝ = (Aˆ, ∆ˆA) and Ĝ = (Mˆ, ∆ˆM ) are the dual of G in C
∗-algebraic and von
Neumann algebraic setting, respectively.
Definition 2.7. A (right) C∗-action of G on a C∗-algebra C is a morphism γ : C →
C ⊗A with the following properties:
(1) γ is a comodule structure, that is,
(idC ⊗∆A)γ = (γ ⊗ idA)γ; (2.8)
(2) γ satisfies the Podleś condition:
γ(C) · (1C ⊗A) = C ⊗A. (2.9)
Some authors demands γ to be injective. Similarly, the von Neumann algebraic
version (M,∆M ) of G acts on von Neumann algebras as well.
Definition 2.10. A (right) von Neumann algebraic action of G on a von Neu-
mann algebra N is a faithful, normal, unital ∗-homomorphism γ : N → N ⊗M
satisfying (idN ⊗∆M )γ = (γ ⊗ idM )γ.
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2.2. Bicrossed product of groups. Bicrossed product construction for mathced
pair of locally compact quantum groups goes back to the work of Baaj and Vaes [2]
and Vaes and Vainerman [15]. In this article, we shall restrict out attention to the
bicrossed product construction for locally compact groups.
Definition 2.11 ([15, Definition 4.7]). Let G1, G2 and G be locally compact groups
with fixed left Haar measures. The pair (G1, G2) is called a matched pair if
(1) there exist a homomorphism i : G1 →֒ G and an anti-homomorphism j : G2 →֒
G with closed images and homeomorphism onto these images;
(2) θ : G1×G2 → G defined by θ((g, h)) = i(g)j(h) is an homeomorphism onto
an open subgroup Ω of G having a complement of measure zero.
This allows to define almost everywhere and measurable left action (αg)g∈G1
of G1 on G2 and right action (βh)h∈G2 on G, and satisfies j(αg(h))i(βh(g)) =
i(g)j(h) for almost all g ∈ G1 and h ∈ G2.
By [15, Lemma 4.9], the maps G1 ×G2 → G2 : (g, h) 7→ αg(h) and G1 × G2 →
G1 : (g, h) 7→ βh(g) are measurable, defined almost everywhere, and satisfy the
following relations:
αgs(h) = αg(αs(h)), βh(gs)= βαs(h)(g)βh(s), (2.12)
βht(g) = βh(βt(g)), αg(ht) = αβt(g)(h)αg(t). (2.13)
for almost all g, s ∈ G1, h, t ∈ G2. Also, αg(1G2) = 1G2 , and βh(1G1) = 1G1 for
all g ∈ G, h ∈ H .
Then α : L∞(G2)→ L∞(G1×G2) defined by α(f)(g, s) := f(αg(s)) is a (left) von
Neumann algebraic action of the locally compact quantum groupG1 = ((L
∞(G1),∆L∞(G1))
on L∞(G2). The von Neumann algebraic version of the bicrossed product G =
(M,∆M ) is given by
M :=
(
α(L∞(G2))(L(G1)⊗ 1)
)′′
, ∆M (z) :=W
∗(1⊗ z)W (2.14)
Let λ be the left regular representation of G1. The left (and right) Haar weight on
L∞(G2). Let αˆ be the dual action of L(G1) on the crossed productM . Then αˆ : M →
L(G1)⊗M is defined by αˆ(α(y)) = 1L(G1)⊗α(η) and αˆ(x⊗1L∞(G2)) = ∆ˆL(G1)(x)⊗
1L∞(G2) for all x ∈ L(G1) and y ∈ L
∞(G2).
Let ϕˆ1 and ϕ2 be the left Haar weights on L(G1) and L
∞(G2), respectively.
By [15, Definition 1.13], the left Haar weight ϕ on G is given by ϕ := ϕ2α
−1(ϕˆ1 ⊗
id⊗ id)αˆ. A simple computation shows, for any f ∈ Nϕˆ1 and η ∈ Nϕ2 ,
ϕ
(
(α(η)(λ(f) ⊗ 1)
)
= ϕˆ1(λ(f))ϕ2(η) = ϕ
(
(λ(f)⊗ 1)(α(η)
)
(2.15)
Let H = L2(G1 × G2) be the Hilbert space of square integrable functions with
respect to the product of the left Haar measures of G1 and G2. Using [1, Definition
3.3] for left Haar measure, we obtain a multiplicative unitary W ∈ U(H⊗H) for G
defined by
Wξ(g, s, h, t) := ξ(βαg(s)−1t(h)g, s, h, αg(s)
−1t), (2.16)
for ξ ∈ L2(G1 ×G2 ×G1 ×G2), and for almost all g, s ∈ G1, h, t ∈ G2.
Finally, we recall the C∗-algebraic version of G from [1, Section 3]. Equip the
quotient space G1\G with its canonical invariant measure class. Then embedding
G2 → G1\G identifies G2 with a Borel subset of G1\G with complement of mea-
sure zero. Then [1, Proposition 3.2] gives an isomorphism between L∞(G2) and
L∞(G1\G); hence we can restrict α to C0(G1\G). The C
∗-algebraic version (A,∆A)
of G is given by [1, Proposition 3.6]
A := α(C0(G1\G)) · (λ(C
∗
r (G1))⊗ 1), α ∈Mor(C0(G2), A). (2.17)
The dual Ĝ = (Aˆ, ∆ˆA) is obtained by exchanging the roles of G1 and α by G2 and
β, respectively.
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3. Existence of C*-actions of bicrossed products on spaces
Let G1, G2 be locally compact groups and (G1, G2) form a matched pairs.
LetG = (A,∆A) be the associated (C
∗-algebraic) bicrossed product quantum group.
From now onwards we assume that G1 is abelian.
Theorem 3.1. There is a C∗-action of G on C0(Ĝ1).
Throughout λ denotes the (right) regular representation of G1: λ(f)ξ
′(h) :=∫
f(g)ξ′(hg)dµ1(g), for f ∈ Cc(G1) and ξ
′ ∈ L2(G1).
Clearly, we have an element i ∈Mor(C∗r (G1), A) and its extension, denoted by i
again, to M(C∗r (G1)) is given by i(x) := x ⊗ 1 for all x ∈ M(C
∗
r (G1)). Hence,
γ := ∆A ◦ i is an element in Mor(C∗r (G1), A ⊗ A). In order to interpret γ as the
desired C∗-action in Theorem 3.1 following proposition will be crucial.
Proposition 3.2. γ is a ∗-homomorphism from C∗r (G1) to M(C
∗
r (G1) ⊗ A) and
defined by
γ(λ(f))ξ(g, h, t) :=
∫
f(z)ξ(gβαh(t)(z), hz, t)dµ1(z) (3.3)
for all f ∈ Cc(G1) and ξ ∈ L2(G1 ×G1 ×G2).
Proof. The adjointW∗ ∈ U(L2(G1×G2×G1×G2)) of the multiplicative unitaryW
of G in (2.16) is defined by
W
∗ξ′(g, s, h, t) := ξ′(g′, s, h, αg′(s)t) for ξ
′ ∈ L2(G1 ×G2 ×G1 ×G2),
where g′ := βt(h)
−1g for all g, h ∈ G1 and s, t ∈ G2. Using the definition of the
comultiplication 2.6 and the property (2.13) of β we obtain
γ(λ(f))ξ′(g, s, h, t) = ∆A(1L2(G1×G2) ⊗ λ(f)⊗ 1L2(G2))ξ
′(g, s, h, t)
=
(
W
∗(1L2(G1×G2) ⊗ λ(f)⊗ 1L2(G2))W
)
ξ′(g, s, h, t)
=
(
(1L2(G1×G2) ⊗ λ(f)⊗ 1L2(G2))W
)
ξ′(g′, s, h, αg′(s)t)
=W
(∫
f(z)ξ′(g′, s, hz, αg′(s)t)dµ1(z)
)
=
∫
f(z)ξ′(gβαh(t)(z), s, hz, t)dµ1(z). (3.4)
Since G1 is abelian, we indenifyM(C∗r (G1)⊗A) with Cb(Ĝ1,M(A)) ⊂ B(L
2(Ĝ1×
G1 ×G2)) using the Fourier transform.
Let f : Ĝ1 → M(A) be a strictly continuous function. Define an operator Mf
acting on L2(Ĝ1 ×G1 ×G2) by
Mf(ξ1 ⊗ ξ2)(gˆ, h, t) := ξ1(gˆ)(f(gˆ)ξ2)(h, t) for all ξ1 ∈ L
2(Ĝ1), ξ2 ∈ L
2(G1 ×G2),
which is an element in Mf ∈ Cb(Ĝ1,M(A)) ∼=M(C∗r (G1)⊗A).
Recall the dual pairing 〈·, ·〉 : G1 × Ĝ1 → T defined by 〈h, gˆ〉 := gˆ(h) for all
h ∈ G1 and gˆ ∈ Ĝ1. Let D be a C∗-algebra. For an element F ∈ L1(G1, D), the
Fourier transform F̂ is defined by F̂ (gˆ) :=
∫
F (h)〈h, gˆ〉dµ1(h) for gˆ ∈ Ĝ1, and F̂ is
an element in C0(Ĝ1, D).
Then, for a fixed z ∈ G1, consider Tz : Ĝ1 →M(A) defined by
Tz(gˆ)ξ2(h, t) := 〈βαh(t)(z), gˆ〉ξ2(hz, t) for all ξ2 ∈ L
2(G1 ×G2).
Clearly, gˆ 7→ Tz(gˆ) is continuous in the strict topology. Hence, any f ∈ Cc(G1)
gives
∫
f(z)Tzdµ1(z) is an element in Cb(Ĝ1,M(A)) ∼=M(C∗r (G1)⊗A).
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Using the Fourier transform in the first leg of (3.4) we observe
γ(λ(f)) = Σ12(
∫
f(z)(idL2(G2) ⊗ Tzdµ1(z))Σ12
in B(L2(Ĝ1×G2×G1×G2)). Finally, putting s = 1G2 in (3.4) we obtain (3.3). 
We gather some standard facts related to Fourier transform in the next lemma.
Lemma 3.5. Let K be a compact subset of G1. Define
S(K,D) := {F ∈ L1(G1, D) | supp(F ) ⊂ K} ⊂ L
1(G,D);
̂S(K,D) := {F̂ | F ∈ S(K,D)} ⊂ C0(Ĝ1, D).
We have the following:
(1) Let Ĝ1 is a Lie group, and let δ = (δ1, · · · , δn) be the canonical derivation on
Ĝ1 for i = 1, · · · , n. Then ̂S(K,D) ⊂ Dom(δ˜) and δ˜
(
̂S(K,D)
)
⊂ ̂S(K,D),
where δ˜i := δi ⊗ idD for i = 1, · · · , n, and δ˜ := (δ˜1, · · · , δ˜n).
(2) S(K,D), ̂S(K,D) ⊂ L2(G1, D).
(3) Let D′ be a C∗-algebra and ρ : D → D′ be a completely bounded map. Then
(id⊗ ρ)S(K,D) ⊂ S(K,D′) and (id⊗ ρ) ̂S(K,D) ⊂ ̂S(K,D′).
Proof. By definition δi(λg) := ρi(g)λg, where λg ∈M(C∗r (G1))
∼= Cb(Ĝ1) and ρi ∈
Ĝ1 for i = 1, · · · , n; hence gives (1). The second fact follows because the Fourier
transform is L2-isometry. The last fact is trivial. 
For any f ∈ Cc(G1) and η ∈ Cc(G2) define πˆ1(f) := λ(f)⊗ 1 and π2(η) := α(η).
Therefore, πˆ1(f)π2(η) ∈ A.
Proposition 3.6. Define w := γ(πˆ1(f))(1 ⊗ π2(η)) ∈ S(K,M(A)), where K =
supp(f). Then p 7→ (id⊗ ϕ)(wˆ(p)∗wˆ(p)) ∈ C0(Ĝ1).
Proof. By definition
w∗w = (1⊗ π2(η
∗))γ
(
πˆ1(|f |
2)
)
(1 ⊗ π2(η))
Using (2.15) we get
(id⊗ ϕ)(w∗w) = (id⊗ ϕ)
(
1⊗ π2(η
∗))γ(πˆ1(|f |
2))(1 ⊗ π2(η)
)
= (id⊗ ϕ)
(
1⊗ π2(|η|
2)γ(πˆ1(|f |
2)
)
By virtue of Proposition 3.2 and (2.15), for p ∈ Ĝ1, we get
(id⊗ ϕ)(wˆ(p)∗wˆ(p)) =
∫∫
|f |2(g)|η|2(s)〈βs(g), p〉dµ1(g)dµ2(s)
=
∫∫
|f |2(βs−1(g
′))|η|2(s)θ(g′, s)〈g′, p〉dµ1(g
′)dµ2(s),
where g′ = βs(g) and θ(g, s) := |
d
dµ1
βs−1(g)|.
Define Gs(g) := |f |2(βs−1(g))|η|
2(s)θ(g, s). Then,
(id⊗ ϕ)(wˆ(p)∗wˆ(p)) =
∫
Ĝs(p)dµ2(s).
A simple computation gives
‖Gs‖1 =
∫
‖Gs(g)‖dµ1(g) =
∫
|f |2(βs−1(g))|η|
2(s)θ(g, s)dµ1(g)
=
∫
|f |2(g)|η|2(s)dµ1(g) = (‖f‖2)
2|η|2(s).
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Therefore, Ĝs ∈ C0(Ĝ1) for almost all s ∈ G2. Also
∫
|η|2(s)dµ2(s) ≤ ∞. By
dominated convergence theorem, for any sequence {pn} ⊂ Ĝ1 such that |pn| → ∞
as n→∞, we have
lim
n→∞
∫
Ĝs(pn)dµ2(s) =
∫ (
lim
n→∞
Ĝs(pn)
)
dµ2(s) = 0. 
Proof of Theorem 3.1. Proposition 3.2 and Proposition 3.6 give γ is an element in
Mor(C0(Ĝ1),C0(Ĝ1)⊗A). The coassociativity of ∆A gives (2.8) for γ.
Let (L2(G), π,Λ) be the GNS triple for the the left Haar weight ϕ in (2.15).
For any v ∈ L2(G), define the operator Θv(c) := cv for c ∈ C. Let (ei)i∈N be an
orthonormal basis of L2(G). For w ∈ S(K,M(A)) in Proposition 3.6, define
x∗i (p) := (id⊗Θ
∗
ei
)(id ⊗ Λ)∆A(wˆ(p)) ∈M(A) for p ∈ Ĝ1.
Also, for q ∈ Nϕ define qi := (id⊗Θ∗ei)(id⊗ Λ)∆A(q) ∈ M(A).
We compute,
∞∑
i=1
xi(p)qi =
∞∑
i=1
(id⊗ Λ)∆A(w(p))
∗(1 ⊗ΘeiΘ
∗
ei
)(id⊗ Λ)∆A(q)
= (id⊗ Λ)∆A(w(p))
∗(id⊗ Λ)∆A(q)
= ϕ(wˆ(p)∗q)1M(A)
By virtue of Proposition 3.6, FN (p) := Σ
N
i=1xi(p)qi is strictly convergent. Hence,
for any given q′ ∈ A, the sequence {FN (1 ⊗ q
′)} converges uniformly over every
compact subset of Ĝ1.
In order to establish Podleś condition (2.9) for γ we need to show {FN (1 ⊗ q
′)}
converges uniformly over Ĝ1 for q
′ ∈ A.
By a similar argument used in [16, Proposition 5.11], and Proposition 3.6 gives∑n
i=1 x
∗
i (p)xi(p) strictly converges to ϕ(wˆ(p)
∗wˆ(p))1M(A). Similarly,
∑n
i=1 q
∗
i qi is
bounded and strictly convergent. Let ‖
∑n
i=1 q
∗
i qi‖ < C
2. Given ǫ > 0, we can
choose a compact subset K ′ of Ĝ1, such that (id ⊗ ϕ)(wˆ∗(p)wˆ(p)) ≤ (
ǫ
C
)2 for
all p /∈ K ′. Hence ‖
∑n
i=m xi(p)x
∗
i (p)‖ ≤ (
ǫ
C
)2 for all p /∈ K ′, and for all m,n.
Now choose N0 such that for all m,n ≥ N0, ‖(Fm − Fn)(p)q′‖ < ǫ for p ∈ K ′,
q′ ∈ A.
Finally, for all m,n ≥ N0
‖(Fm − Fn)(p)‖ ≤
∥∥∥∥∥
n∑
i=m
xi(p)x
∗
i (p)
∥∥∥∥∥
1
2
∥∥∥∥∥
n∑
i=m
q∗i qi
∥∥∥∥∥
1
2
< ǫ‖q′‖,
for p /∈ K ′. Hence {FN (1⊗ q
′)} is Cauchy sequence in norm for q′ ∈ A. 
4. Properties of bicrossed product C*-actions
Let G1, G2, and G = (A,∆A) be as before, so that G1 is abelian. In this section
we shall discuss various properties of the C∗-action γ of G on C0(Ĝ1) constructed
in Theorem 3.1.
Recall, a right action γ of a von Neumann algebraic quantum groupG = (M,∆M )
on a von Neumann algebra N is called ergodic if Nγ := {x ∈ N : γ(x) = x⊗ 1M}
is equal to C · 1N .
Proposition 4.1. The von Neumann algebraic action γ of G on L(G1) is ergodic.
Proof. Let (M,∆M ) be the von Neumann algebraic version of G. By construction,
γ is obtained from the comultiplication ∆A of the C
∗-algebraic version of G. Since,
∆A extends uniquely to the comultiplication ∆M onM by (2.14). Then, in a similar
way, γ also extends to a von Neumann algebraic action, denoted again by γ, of G
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on L(G1). Now ergodicity of ∆M (see [10, Result 5.13] or [14, Theorem 2.1]) implies
the same for γ. 
4.1. Faithfulness. Motivated by [6, Definition 4.5] we propose the following defi-
nition, as a possible generalisation of faithful actions on locally compact quantum
groups on C∗-algebras.
Definition 4.2. A C∗-action γ : C → C ⊗ A of G = (A,∆A) on a C∗-algebra C
is called faithful if the ∗-algebra generated by {(ω ⊗ idA)γ(c) : ω ∈ C′, c ∈ C} is
strictly dense in M(A).
Example 4.3. In particular, the comultiplication map ∆A is a C
∗-action of G on A.
Given any ω ∈ A′ and a ∈ A define ω ·a ∈ A′ by ω ·a(b) := ω(ab) for b ∈ A. Now the
space {ω · a : ω ∈ A′, a ∈ A} is weak ∗-dense in A′. The cancellation property (2.1)
of ∆A shows that {(ω⊗ idA)∆A(A) : ω ∈ A and a ∈ A} is norm dense in A; hence
∆A is a faithful C
∗-action.
Theorem 4.4. The C∗-action γ of G on C0(Ĝ1) is faithful if and only if β is
non-trivial.
Proof. If possible, assume that β is trivial. Then Proposition 3.2 gives
γ(λ(f)) = ∆C∗
r
(G1)(λ(f))⊗ 1 for all f ∈ Cc(G1).
Here ∆C∗
r
(G1) denotes the comultiplication on C
∗
r (G1). By Example 4.3 we ob-
serve that the set {(ω ⊗ idA)γ(λ(f)) : ω ∈ C∗r (G1)
′, f ∈ Cc(G1)} is strictly dense
in M(C∗r (G1); hence γ is not faithful. Therefore, by contraposition we obtain that
the faithfulness of γ implies the nontriviality of β.
Conversely, assume that β is non-trivial. By virtue of [1, Proposition 3.6] it
is enough to show the set {(ω ⊗ idA)γ(λ(f)) : ω ∈ C∗r (G1)
′} is norm dense in
α(C0(G2)) · (C∗r (G1)⊗ 1).
Let K and K ′ be compact subsets of G1 such that µ1(K) 6= 0 and µ1(K
′) 6= 0.
Let χ and χ′ be characteristic functions of K and K ′ respectively. For a given f ∈
Cc(G1) define
Aχ,χ′ = (ωχ,χ′ ⊗ idA)γ(λ(f)).
Here ωχ,χ′ denotes the contraction with respect to χK and χK′ .
For all ξ ∈ L2(G1 ×G2) we get,
Aχ,χ′ξ(h, t) =
∫
χ(g)γ(λ(f))(χ′(g)⊗ ξ(h, t)dµ1(g)
=
∫∫
χ(g)f(z)χ′(gβαh(t)(z))ξ(hz, t)dµ1(g)dµ1(z)
=
∫
µ1(K ∩ βαh(t)(z)K
′)f(z)ξ(hz, t)dµ1(z)
Let {Kn}n∈N be an increasing sequence of compact subsets of G1 and growing up to
the whole group G1. Let χn denotes the characteristic function of Kn for all n ∈ N.
By dominated convergence theorem,
lim
n→∞
Aχn,χ′ξ(h, t) =
∫
µ1(βαh(t)(z)K
′)f(z)ξ(hz, t)dµ1(z).
Invariance of Haar measure µ1 gives µ1(βαh(t)(z)K
′) = µ1(K
′) for all h, z ∈ G1,
t ∈ G2. Therefore,
lim
n→∞
Aχn,χ′ξ(h, t) = µ1(K
′)
∫
f(z)ξ(hz, t)dµ1(z) = µ1(K
′)(λ(f) ⊗ 1)ξ(h, t).
Thus Aχn,χ goes strictly to λg0 for some g0 ∈ G1. Therefore, for any η, η
′ ∈ L2(G1),
the operator Bη,η′,g0 := (ωη,η′ ⊗ idA)γ(λ(g0))(λg−1
0
⊗ 1) is in the desired algebra.
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Next we compute,
Bη,η′,g0ξ(h, t) =
(
(ωη,η′ ⊗ idA)γ(λ(g0))
)
(λg−1
0
⊗ 1)ξ(h, t)
= (λg−1
0
⊗ 1)
∫
η(g)η′(gβαh(t)(g0))ξ(hg0, t)dµ1(g)
=
∫
η(g)η′(gβαh(t)(g0))dµ1(g)ξ(h, t), for ξ ∈ L
2(G1 ×G2).
Since, β is non-trivial, varying η, η′, g0 and using Stone-Weierstrass theorem we get
the set of functions x →
∫
η(g)η′(gβx(g0))dµ1(g) for x ∈ G2 which is norm dense
in C0(G2). Therefore, the set of operators Bη,η′,g0 is norm dense in α(C0(G2)). 
4.2. Isometry. We recall the definition of isometric action from [5] for compact
quantum groups. In analogy to this, it is natural to make the following definition
of isometric action in the locally compact set-up:
Definition 4.5. Let γ be a C∗-action of a locally compact quantum group G on
C0(X) where X is a smooth Riemannian (possibly non-compact) manifold with
the Hodge-Laplacian L = −d∗d, where d denotes the de-Rham differential operator.
We say that γ is for every bounded linear functional ω on M(Q), (id⊗ω) ◦ γ maps
C∞b (X) to itself and commutes with L on that subspace.
Just as in [6], it is easy to prove that for any isometric action γ and any smooth
vector field χ on X , f, φ ∈ C∞b (X), (χ⊗ id)(γ(f)) and γ(φ) will commute.
Proposition 4.6. Assume Ĝ1 is a Lie group. Then the C
∗-action γ of G on C0(Ĝ1)
is isometric whenever either α or β is trivial.
Proof. As noted before, the condition of isometry of γ implies the operators (δi ⊗
idA)γ(λg1 ) and γ(λg2) commute for all g1, g2 ∈ G1 and derivations δi on Ĝ1.
Let ξ ∈ L2(G1 ×G1 ×G2). Using Proposition 3.2, we compute
L = (δi ⊗ idA)γ(λg1 )γ(λg2)ξ(g, h, t)
= ρi(βαh(t)(g1))γ(λg2)ξ
(
gβαh(t)(g1), hg1, t
)
= ρi(βαh(t)(g1))ξ
(
gβαh(t)(g1)βαhg1 (t)(g2), hg1g2, t
)
Using (2.13) and commutativity of G1 we get,
L = ρi(βαh(t)(g1))ξ
(
gβαh(t)(g1g2), hg1g2, t
)
.
A similar computation gives
R = γ(λg2)(δi ⊗ idA)γ(λg1)ξ(g, h, t) = ρi(βαhg2 (t)(g1))ξ
(
gβαh(t)(g1g2), hg1g2, t
)
.
Now L = R for all ξ ∈ L2(G1 ×G1 ×G2), g1, g2 ∈ G1, and ρi ∈ Ĝ1, implies
βαh(t)(g1) = βαhg2 (t)(g1) for all g1, g2, h ∈ G1, t ∈ G2.
This is true if either of the actions α or β is trivial. 
We prove the main result of this section:
Theorem 4.7. Assume Ĝ1 is a Lie group and the C
∗-action γ of G on C0(Ĝ1) is
faithful and isometric. Then G is classical group.
Proof. By Theorem 4.4, faithfulness of γ implies that β is non-trivial. On the other
hand, γ is isometric; hence Proposition 4.6 forces α to be trivial. From (2.14) and
using the fact that G1 is abelian we get M = L
∞(Ĝ1 ×G2). 
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5. Examples
‘ax + b’ is the group of affine transformations of the real line R. The natural
action of ax + b on R given by x 7→ ax + b for a ∈ R \ {0} and b, x ∈ R is
faithful. We apply our results on two versions of quantum ax + b group discussed
in [15, Section 5]. Both of them are genuine non-compact, non-discrete, non-Kac
quantum groups. We show that they act ergodically and faithfully on non-compact
Riemannian manifolds. However none of these actions are not isometric.
5.1. Baaj-Skandalis’ ax+b group. Assume G1 = G2 = R \ {0} and the group
operation is the usual multiplication. Let G = {(a, b) | a ∈ R \ {0}, b ∈ R} with
(a, b)(c, d) = (ac, d+ cb).
Define i : G1 7→ G and j : G2 7→ G by
i(g) := (g, g − 1), j(s) := (s, 0),
for all g ∈ G1 and s ∈ G2. This way (G1, G2) is a matched pair in the sense of
Definition 2.11. Associated actions α and β are defined by
αg(s) =
gs
s(g − 1) + 1
, βs(g) := s(g − 1) + 1.
for all g, s ∈ R \ {0} such that (g − 1) 6= −s−1.
Associated bicrossed product G is the Baaj-Skandalis’ quantum ax + b group
(see [15, Section 5.3]). By [15, Proposition 5.2 & 5.3], G is self dual, non-Kac,
non-compact, non-discrete quantum group.
Proposition 5.1. There is an ergodic, faithful and non-isometric C∗-action of G
on C0(R \ {0}).
Proof. Clearly, G1 is abelian and Ĝ1 is a Lie group with two connected components.
Since β is non-trivial and G is a genuine quantum group, by Proposition 4.1, The-
orem 4.4, and Theorem 4.7 the C∗-action γ of G on C0(R \ {0}) in Theorem 3.1 is
ergodic, faithful and not isometric. 
5.2. Split–Extension. Assume G1 = {(a, b) | a > 0, b ∈ R} with (a, b)(c, d) :=
(ac, ad+ b
c
) and G2 = (R,+). Let K be the multiplicative group with two elements.
Define G = SL2(R)/K, and i : G1 7→ G, j : G2 7→ G by
i(a, b) :=
(
a b
0 1
a
)
mod K, j(x) :=
(
1 0
x 1
)
mod K.
This way (G1, G2) is a matched pair in the sense of Definition 2.11. Associated
actions α and β are defined by
α(a,b)(x) :=
x
a(a+ bx)
, βx(a, b) :=
{
(a+ bx, b) if a+ bx > 0,
(−a− bx,−b) if a+ bx < 0.
whenever ax+ b 6= 0.
By [15, Proposition 5.5], associated bicrossed product G and its dual Ĝ are
non-Kac, non-compact, and non-discrete quantum group. Also, Ĝ is not uni-
modular. Moreover, [15, Remark 5.6] shows that Ĝ is deformation of some gen-
eralised ax+ b group.
Proposition 5.2. There is an ergodic, faithful and non-isometric C∗-action of Ĝ
on C0(R).
Proof. Clearly, G2 is an abelian and Ĝ2 is a connected Lie group. Recall that
Ĝ is obtained by exchanging G1 and α with G2 and β. Since α is non-trivial,
Proposition 4.1, Theorem 4.4, and Theorem 4.7 give the C∗-action γ of Ĝ on C0(R)
in Theorem 3.1 is ergodic, faithful and not isometric. 
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